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Abstract. A Galois scaffold, in a Galois extension of local fields with perfect 
residue fields, is an adaptation of the normal basis to the valuation of the 
extension field, and thus can be applied to answer questions of Galois module 
structure. Here we give a sufficient condition for a Galois scaffold to exist in 
fully ramified Galois extensions of degree of characteristic p local fields. 
This condition becomes necessary when we restrict to p = 3. For extensions 
L/K oi degree p^ that satisfy this condition, we determine the Galois module 
structure of the ring of integers by finding necessary and sufficient conditions 
for the ring of integers of L to be free over its associated order in K[Ga,l{L/K)]. 



1. Introduction 

The Galois module structure of the ring of integers in ramified Cp-extensions 
of local fields L/K of characteristic p was studied in jAib03[ ldST07) . Of basic 
importance to that work was a fC-basis for the group algebra K[Gal{L/K)] whose 
effect on the valuation of the elements of L was easy to determine. In |Eld09| . an 
attempt was made to capture the nice properties of this basis with the definition 
of a Galois scaffold. 

In this paper, we revise this definition slightly, and show that, in general, a 
totally ramified Galois p-extension need not admit a Galois scaffold. Indeed, the 
conditions, given in |Eld09| . that are sufficient for a Galois scaffold to exist in 
a fully ramified elementary abelian p-extension of characteristic p local fields are 
shown here to be necessary for C3 x Ca-extensions. This is technical work {i.e. 
painstaking linear algebra). So we take the opportunity here to extend the results 
of |Eld09| to Cp2-extensions. Thus in Theorem 12.11 we give conditions that are 
sufficient for a Galois scaffold to exist in any fully ramified, degree p^ extension of 
characteristic p local fields with perfect residue fields, and then prove: 

Theorem 1.1. Let L/K be a fully ramified Galois extension of degree p^ that 
because it satisfies the conditions of Theorem \2.1\ possesses a Galois scaffold. Let 
^L/K — {a € K[G] : uDl C Dl} be the associated order of the ring of integers £>l 
of L. Then 

Dl is free over ^l/k if o.nd only if r[h) \ p^ ~ \, 
where r{b) denotes the least nonnegative residue modulo p^ of the second (lower) 
ramification number of L/K. Furthermore, ifOL is free over 'Qij^/x then any ele- 
ment p Cz L with normalized valuation vl{p) = r(b) satisfies Dl = ^l/kP- 

The proof of this result appears in §2.4. 
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1.1. Notation. Let p be prime and let Fp be the finite field with p elements. Let 
K be a perfect field containing Fp, let — K{{t)) be the local function field with 
residue field k, and let Kn/Ko be a fully ramified Galois extension of degree 
with Galois group G = Ga\{Kn/ Kq). The ramification filtration of G is the set of 
subgroups Gi = {a G G : w„(((t— l)7r„) > i+1}. Subscripts denote field of reference. 
So, for example, u„ is the additive valuation on Kn, normalized so that Vn{K^ ) = 
TTn is a prime element of Kn with w„(7r„) = 1, and D„ = {a; £ Kn ■ Vn{x) > 0} is 
the valuation ring with maximal ideal *P„ = {a; G Kn '■ Vn,{x) > 0}. 

Quotients of consecutive ramification groups Gt/Gi+i are either trivial or el- 
ementary abelian Gp x • • • x Gp [Ser79. IV§2 Prop 7 Cor 3]. Thus the usual 
ramification filtration can be refined: There is a filtration G = i/o 2 2 
••• D Hn-i 2 = {1} such that Hi/Hi+i = Gp for < i < n — 1 and 
{Hi : < i < n} D {Gi : i > 1}. Choose one such filtration. Choose ele- 
ments di+i G Hi \ Hi^i for each < z < n — 1 and define bi — Vn{{(Ti — l)7r„) — 1. 
Then foi < ^2 < • ■ • < bn- Define the ramification multiset to be {hi : 1 < i < n}, 
which is independent of our choices Ser79, IV§1 Prop 3 Cor], and thus should be 
considered a fundamental invariant of the extension. As a set, it is just the set of 
(lower) ramification numbers, subscripts i with Gi 2 Gi+i. 

Define Ki — K^^ to be the fixed field of Hi. Thus we have a path through the 
subfields of Kn, from Kn down to Kq, which is consistent with the ramification 
multiset: {bi : j < i < n} is the ramification multiset for Kn/ Kj, {hi : < « < j} is 
the ramification multiset for Kj / Kq, and hi is the ramification number for Ki/Ki-i. 

Let ^K„/Ko = {a e Kq[G] : aDn ^ On} denote the associated order of D„ in 
the group algebra Ko[G]. Since ^k^/Kq is an Do-order in iiro[G] containing Do[G] 
and On is a module over ^k„/Koi it is natural to ask about the structure of D„ 
over '^K„/Ko- Although more general questions can be addressed {e.g. |dST07j ). 
we follow |Aib03[ IB E l here and focus our attention on determining conditions that 
are necessary and sufficient for D„ to free over ^x„/Ko- 

Let [x\ and \x~\ denote the greatest integer and least integer functions, respec- 
tively. Let p{X) = XP-X G Z[X] and (f) = X{X -1) ■ ■ ■ {X + denote the 
binomial coefficient. Define truncated exponentiation by the following truncation 
of the binomial series: 



1.2. Definition of Galois scaffold. The term was introduced in |Eld09| . Its 

definition is refined here. Two ingredients are required: A valuation criterion for a 
normal basis generator and a generating set for a particularly nice ii'o-basis of the 
group algebra ifo[G]. 

1.2.1. Valuation criterion. In a Galois extension of local fields Kn/Ko, a valuation 
criterion for a normal basis generator is an integer c such that if p G £ with (p) = c 
then {ap : a G G} is a normal basis for Kn over Kq. For fields of characteristic p, 
every totally ramified Galois p-extension Kn/Ko has a valuation criterion. Indeed, 
if the extension is abelian, c can then be any integer c = 6„ mod p" |EldlO| . 
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1.2.2. Generating set for the group algebra Kq[G]. We have chosen a refined filtra- 
tion {Hi} of the Galois group along with group elements (Ti G iJi-i \ Hi. These 
elements certainly generate the Galois group, G = {n"=i '^t^ :0<ai<p— 1}, and 
thus generate a basis for Kq[G] over Kq, a basis that is naturally associated with 
a normal basis for Kn/K^. A Galois scaffold occurs if there is a similar generating 
set of n elements {^i} from the augmentation ideal (ct — 1 : cr S G) of ifo[G] that 
satisfies a regularity condition and a spanning condition: For all < j < p and all 
p, p' € Kn that satisfy the valuation criterion, Vn{p), Vn{p') = c mod p". 



For < a < p", define = ■ • • where a is expanded p-adically 

as a = 0'{i)P^ with < ajj) < p. Then for Vn{p) = c mod p". 



is a complete set of residues modulo p". Because K^/Kq is fully ramified of degree 
p", this means that < a < p"} is a i^o-basis for Kq[G]. 

A quick comment now about the definition of Galois scaffold in [Eld09] . While 
we explicitly require a Galois scaffold here to have two properties, ([T]) and ([2]), 
the definition stated in EldOO) required only ([2]) explicitly. Note however that the 
Galois scaffold given in (EldOQ) did satisfy both ([!]) and 

2. Galois extensions of degree p^ with Galois scaffold and their 



2.1. Characterizing the extensions. Elementary abelian extensions of degree 
p^ correspond to 2-dimensional subspaces of Kq/p{Ko), where p(i^o) = {p{k) ■ 
k e Kq}. Cyclic extensions of degree p^ correspond to Witt vectors {Pi, 132) of 
length 2, and the extension is unchanged if we add an element of p{Ko) to /3i or /32- 
Thus, in either case, the extensions are determined by a pair of coset representations 
of p{Ko). In this subsection, we explain these correspondences and tie those coset 
representatives (reduced representatives) that are distinguished for having maximal 
valuation to the ramification numbers for K2/K0. We also set up notation for the 
Galois action that is consistent with §1.1. 

2.1.1. Elementary abelian. The map that takes K2 = Ko{xi, X2) with p{xi) = /3i G 
KotoV — Fp/3i +Fp/32 + piKo) sets up bijection between Cp x Cp-extensions of Kq 
and 2-dimensional Fp-vector spaces of Ko/p{Ko). Given such a subspace V, choose 
/3i so that vo{Pi) = max{z;o(/3) : (3 £ V}. Choose (32 & V so that /3i and P2 span 
V and replace (32 by another representative of (32 + Fp/3i + p{Ko) if necessary so 
that vo{(32) = max{i;o(/3) ■ (3 & 132 +Fp/3i -I- p{Kq)}. As a result, 'yo(A) = —Ui with 
< Ml < M2 and p\ Ui unless mi = 0, in which case K2/K0 is not fully ramified. 

Restrict to the situation where K2/K0 is fully ramified. Then because of our 
choices for /3i and /32, {tii, M2} is the set of upper ramification numbers for K2/ Kq. 
The lower ramification numbers are 61 = ui and 62 = mi +p(u2 — ui) |Ser79f IV 
§3]. Choose (Ti e G so that (ci — l)xj = 5i^j where 



(1) 



Vn{^p) - Vn{p) = ] ■ iiVni'f^p') - Vn{p')). 



(2) 
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1 for i = j, 
for i 7^ j. 
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Set Hi = (CT2), SO that Kq[xi) ~ Ki ~ Since the norm TV^i/Ko (^^i) = 

p{xi) — /?!, we have wi(xi) = ~bi as well. Similarly, V2{x2) — ~pu2- 

2.1.2. Cyclic. As shown in |Sch36| [Sch37j . each Cp2-extension of Kq can be asso- 
ciated with a Witt vector (/3i,/32). We can assume that /3i E Kq is the element 
of maximum valuation in its nonzero coset of p{Ko) and that G Kq is a ele- 
ment of maximum valuation in its coset of Fp/3i -|- p{Ko). If we abuse notation by 
identifying these cosets with their representatives, this gives a bijection between 
Cp2 -extensions and the one-dimensional Fp-vector spaces {(a/3i,a/32) : a G Fp}. 

Restrict now to the situation where K2/K0 is fully ramified. Let cti generate 
the Galois group G, and set a2 — <Ji and Hi = ((T2). Then Ki = Kq{xi), where 
p{xi) = is the fixed field of o'2- Without loss of generality, (cri — = 1. Our 
choice of /3i means that fo(/3i) = —hi < with p \ bi. Since /3i is the norm of xi, 
vi(xi) = —hi. Thus bi is the ramification number for Ki/Kq, and also the first 
(lower) ramification number for K2/K0. 

The second (lower) ramification number 62 of K2/K0 is also the ramification 
number for K2/K1. It is dependent upon both fo(/3i) = —^1 and t'o(/32) = ^^2, 
which due to our assumption on ^2 satisfies < and if 7^ then p j" Uj- 
Indeed, we will proceed now to show that 62 = max{(p^ —p+ 1)^1, ^""2 ~{P~ 
and thus that the upper ramification numbers are ui ^ bi < U2 ~ max{p6i,M2}. 

Let Di = {x\ + /3f - {xi + Pir)/p = -nJi '^^'^'^^ 
that Vi{Di) = _p + 1)6^. As explained in |Sch361 ISch37| . Kq{xI) with 

p{x2) = Di is a Cp2 -extension of Kq that contains Ki (and is associated with the 
Witt vector (/3i,0)). Moreover, every Cp2-extension of that contains Ki arises 
as K2 = Kq{x2) with p{x2) = Di + j32- Then X2 = X2 + ^2 where p{z2) = 132, and 
K2 = Kq{x2) is contained in the Cp2 x Cp-extension Kq[x2tZ2)- Without loss of 
generality, we may assume that ai G Gal{KQ{x2, Z2) / Kq) satisfies (cri — l)z2 = 0. 
Furthermore (cti - l)a;2 = ((Ti - 1)2:2 = Ci where Ci — [xi + 1 - {xi + lY)/p ~ 
- Er=i and (^2 - l)a;2 = 1. Notice that vi{Ci) = -{p - l)bi. 

We now work with the ramification filtrations of two different Cp x Cp-extensions: 
Kq(xi, Z2)/Kq and Ki{x2, Z2)/ Ki. There are three possibilities for the set of upper 
ramification numbers for Kq{xi, Z2) / Kq: If 61 ^ U2, the set is {61,^2}. If hi = U2, 
the set is either {61} or {bi,v} (for some v < bi). In each case, we pass to the lower 
ramification numbers for Kq{xi, Z2)/ Kq, using [Ser791 IV §3]. The ramification 
number for Ki{z2)/ Ki is therefore bi -\- p{u2 — bi) (when ui, > bi) or some integer 
< bi (when < 61). Now consider Ki{xl, Z2)/ Ki. It is easy to see that the 
ramification number for if 1 (a;2 ) /-f'^i is —vi{Di) = {p'^ —p+l)bi. This means, since if 
U2 ^ then p \ U2, that the ramification numbers for Ki (X2)/ Ki and for Ki {Z2)/ Ki 
are distinct. As a result, these are the two distinct upper ramification numbers 
for Ki{x2, Z2) I Ki. Passing to the lower ramification numbers for Ki{x2t Z2) / Ki, 
considering all the cases, we find that the ramification number of Ki{x2) / Ki is 
62 = max{(p2 - P + 1)^1, PU2 ^ [P^ 

2.2. The Galois scaflFold. Since p \ wo(/3i), the set {vq{13\) : < i < p - 1} is 
a complete set of residues modulo p. As a result, it is generically the case that 
P2 = X]t=o Mt'/^i ^"^^ some e Kq. Moreover, since we are only interested in the 
expression for ^2 in Kq/Kq, we may assume that the t = Q term satisfies fi^ S k. 
Gather all terms except /xf^i into an "error term" e. Replace jjLi with /x, and let 



GALOIS SCAFFOLDS 



5 



m = —vo{fj,). Thus 



[32 - + e 



where we may assume either e £ k or p ] vo{e) = —e < 0. Note that t;o(e) ^ 
wo(/i''/?i) mod p. Thus e ^ bi mod p. We are now prepared to state: 

Theorem 2.1. Let K2/ Kq be a fully ramified Galois extension of degree p^ . Adopt 
the notation of this section, and assume that wo(e) > wo(/32) + {p — For 
G = Cp2 , additionally assume wo(/3i) > 'yo(/?2) + (p — l)bi/p. Then there is a 
Galois scaffold. Define ^1 G -K^o[G] by 



Let = ~ 1- Then for a G K2 with V2{a) — 62 mod and < i, j < p — 1, 



The proof of this theorem appears in §2.3. First, we examine its conditions 
in terms of the ramification numbers for K2/K0. In §2.1.2, we observed that for 
G = Cp2, &2 — max{(p^ —p+ ^)bi,pu2 — {p— The requirement that wo(/3i) > 

'^^0(132) + {p^ ^)bi/p means that pu2 — (p— > p^&i- Thus for G = Gp2, U2 = 1*2, 
&2 = pu2 — {p — 1)^1 and so the requirement that vq{P\) > wo(/32) + {p — is 
a strengthening of the lower bound on 62, from &2 > (p^ — P + to 



The other condition wo(e) > Wo(/32) + (p ^ ^)bi/p, which is a restriction for both 
G ^ Gp X Gp and Cp2, imphes (32 = mod /i^/3i*P2- Using 62 = + p{u2 — &i) 
(and thus ([3]) when G = Gp2), this means that wo(e) > vo{(32) + {p — can be 

rewritten as 



2.3. Proof of Theorem [HB The resuh for G ^ Gp x Cp follows from |Eld091 
Thm 4.1]. So we focus here on the result for G = Cp2 and recall the notation of 
§2.1.2. There are three steps in our argument. Thus three subsections. 

2.3.1. An explicit element satisfying the valuation criterion. The hypothesis on 
vo{e) ensures at least that vo(e) > i'o(/32) = voip^l^i), so that —61 — pin < — e 
and 1*2 = pm + bi. Under this weaker assumption, we determine ei G Ki such that 
X2 = X2— ^xi+ei G K2 has valuation t!2(X2) ~ —62 = — max{pu2 — (p— l)6i, {p^ — 
p+l)bi}. Once this is done, p = G K2 satisfies V2{p) = &2 mod p^. 

The element ei G i^i is determined by e. Recall that either e G k or p | — e < 0. If 
e G K, we simply let ei = (and also set Ei — e). The interesting case occurs when 
e ^ K and thus Ki{z)/Kq with p{z) = e is a fully ramified Cp x Gp extension with 
upper ramification numbers e = — wo(e) and 61. Recall e ^ 61 mod p. So e / &i. 
Passing to the lower numbering for Ki{z)/Kq using |Ser79[ IV §3], we find that the 
ramification number for Ki{z)/Ki is max{e, bi + p{e — bi)} (either e when e < bi, 
or pe — {p ~ l)bi when e > 61). Using this information regarding Ki{z)/Ki there 
must be a coset representative Ei for the coset e + p{Ki) in Ki/p{Ki) such that 
vi{Ei) = — max{e,&i + p{e — bi)}. Thus Ei — e + p(ei) for some ei G Ki. Since 
vi{Ei) > vi{e), we have —pe = wi(e) = i;i(p(ei)). This means that wi(ei) = — e. 





(3) 



62 >P^6i- 



(4) 



&2 > pe. 
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Observe, based upon §2.1.2, that p{x2) = Di + fi2 = I?i+^^/?i + e and p(/ixi) = 
fiPxi—fixi = ^P{xi+I3i)~ fixi — p{fi)xi+fiPl3i. Therefore p(X2) = Di-p{fi)xi + 
El G Ki. Because —61 — pm < — e, = —bi — p^m < (p — — pe < 

vi{Ei). Thus Vi{—p{^)xi + El) = —bi — p^m. Furthermore vi{Di) = —{p^ ~ 
p+ l)bi. Thus vi{p{X2)) — min{— 61 ~ p'^m, ~{p'^ —p + l)^i} = ^&2- Since 
NormK^/KA^2) = p{X2), ^2(^2) = -^2- 

2.3.2. A Galois scaffold for the explicit element in %2.3.1. Observe that (cti — 
1)X2 = Ci — /x+(i7 — l)ei and thus (cti — 1)X2 = —fi + S where 8 = Ci + {ai — l)ei E 
Ki satisfies vi {£) = min{— (p — 61 — e}. Note that for e > we have p\ e. So 
(p— l)5i ^ e — bi. In any case, ([3|) means — (p— l)fei > bi —62/^ and (j4|) means that 
61 — e > 5i — 62/^- Together they yield vi{£) > bi — 62/^- Thus V2{£) > pbi — 62- 

Using truncated exponentiation and Vandermonde's Convolution Identity, 

4'>(-^£0..-.<A)^g(';)C-to^cr/*)- 

Therefore aia'f^^J^) = expand (-^'_+/) using Vandermonde's Con- 

volution Identity, we notice that for < i < p — 1, V2{{^^) (p_i_i)) > (p — i — l)p&i — 

(p - 1)62. So x'2(('^=)(p_ii)) > -(P- 1)^2 = V2{{^_\)/xi) for < z < p - 1 
and thus 

Let *i = cri4^' - 1 and observe that for < i < p - 1, ^'1 (p^\) (p!_\) = 
(p_7_i) mod (p_"Li)q32, which means that with *2 = ^^2 - 1, 

and therefore W2(^2'^'ip) — ''^^{p) + ib2 + jpbi for < i,j < p — 1. Note that 
{v2ip) + ib2 + jpbi :0<*,J<P^l}isa complete set of residues modulo p^. 

2.3.3. The Galois scaffold holds for any element a G K2 with V2{a) = 62 modp^. 
Express a G K2 with V2{oi) = 62 mod p^ in the ifg-basis {^"^iP : < m, n < p — 
1}. So a = I]o<m,n<p^m,n*"^iP for some G Kq. Since i;2(a) = W2(p) mod 
p^, v4o,o 7^ and it will be enough to prove the result for a' = a/Ao^Q. Therefore, 
without loss of generality, we assume ^0,0 = 1 and V2{Am.n) + mb2 + npbi > for 
(m,n) 7^ (0,0). Now apply for < i,j < p - 1 to a. Clearly V2i'^l'9{p) = 
V2(a) + ib2 + jpbi. The only question then is whether V2{'^2'^{ ■ ^m,„5'™5'"p) > 
112(0;) + ib2 + jpbi for {m,n) ^ (0,0). Since = and ^'^ — 5*2, the interesting 
cases, when Vl'2^j ■ ^ 0, occur only when j + n < p and i + m < p, or 
j + n > p and i + m + 1 < p. Consider them separately. If j + n < p and 
i + m < p, then U2(*2*i- An,n*2'*l/0) = V2ip)+V2iAm,„) + ii + m)b2 + {j + n)pbi > 
V2{p) + ib2 + jp^i- Of course V2{p) = V2{a). If j + n > p and i + m + 1 < p, then 

W2(*|«'i • A„,„^'™^'» = V2{p) + W2(Am,«) + (^ + m + 1)^2 + {j + n - p)pbi > 

V2{p) + ib2 + jpbi + (62 — p^6i). Recall restriction ([3]) that 62 > p^6i. 
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2.4. Proof of Theorem Ol The proof for G = Gal{K2/Ko) ^ Cp x Cp is con- 
tained in [be]. Here we adjust that argument so that it applies to G = Cp2. 
Let K2/KQ satisfy the conditions in Theorem 12.11 So, in particular, 62 = &i = 
r{b) modp'^. Recall ^I^^ — ^>2 and ^1^2 = 0. This means that if we represent every 
nonnegative integer p-adically {i.e. for a G Z with a > write a = X^i^o '^iOP^ ^'^^ 
some < a(j) < p — 1), then we may define 



otherwise, 

and find that = 5<(a+a'). Furthermore, if we define a function b from the 

nonnegative integers to Z U {00}; 

(1 + a(i))fe2 + a(o)P&i aKp^, 



b{a) 



otherwise, 



then because of Theorem l2.11 given any p G K2 with W2 (p) = ^2 , we have V2{^'^°'^ p) 
b(a). For < a < p^, set 

b(a) 



da 



p2 



So b(a) = dap^ + r(b(a)) where r(b(a)) is the least nonnegative residue modulo . 

Let S ^^2 with V2{p*) — r[b2). Recall that Hs a uniformizer for = F((t)). 
Set p = t'^°p*, so V2{p) = 62. Moreover, for < a set 

which means that pa = for a > p^. Note that V2{pa) = i^{b{a)) for < a < p^. 
Thus {v2{pa) ■■ < a < p^} = {0, . . . - 1}, {pa}o<a<p^ IS au Do-basis for D2, 
and the elements '^^"■^ p span i4r2 over Kq. By comparing dimensions, we see that p 
generates a normal basis for the extension K2/KQ, and {^'°''}o<a<p2 is a i^o-basis 
for the group algebra Kq [G] . Observe that 

(5) ^'^^^ ■pa,=t''-^+^--'''^Pa,+a,, 

and define Wj = min{(ij_|_a — da :0<a<j + a<p^} where < j < p^. Note, in 
particular, that wq = and that we have Wj < dj — do for all j. 

Lemma 2.2. The associated order ^j^^/i^g of D2 has Do-basis {i^'"^ ^'^-'''}o<j<p2. 
Moreover, D2 is a free module over ^k2/Ko */ '"^'^ only if Wj — dj — do for all j , 
and in this case is a free generator 0/D2 over St^^/ifo- 

Proof Follow [BEl Theorem 2.3]. Since {^-t^) : < j < p^} is a Xo-basis for iiToiG], 
any element a e ifo[G] may be written a = YTj=a^ cj'^^^^ with Cj € Kq. Using ([5]) 
and the fact that {pa}o<a<p^ is an Do-basis for D2, we find that a G ^K2/Ko is 
equivalent to apa = Cj"^^^^ pa G D2 for all < a < p^. This in turn is 

equivalent to Cjt''j+"~''" G Do or VQ{cj) > da — dj^a for all < a < a + j < p^. But 
this is equivalent to —VQ{cj) < wj for all < j < p^. The first statement is proven. 

Consider the second. Suppose that wj = dj — do for all j. As p* = poj (0) yields 
t-^3-qi(:>) . p^ = p^, the basis elements : < j < p^} take p* to the basis 

elements {pj : < j < p^} of D2, which means that D2 is a free Sl^f^/i^g-niodule. 
Conversely, suppose that D2 is a free ^x^/i^^^-modvle. So D2 = ^K2/KoV for some 

ry G K2. Since 1 G 2lj<-2/ifo, 77 G D2 and so rj = J2r=o ^^Pr for some Xr G Do. We 
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have two Do-bases for D2, {pj '■ < j < P^} and {t^^^'^^^^rj : < i < p^}. Because 
of ([U the matrix that takes the first of these to the second, namely Af ~ (aij), is 
upper triangular with 




i > 3, 
i < j- 



Furthermore, it must have coefficients in Dq and unit determinant. Recall Xr G 
Do, so in particular a;o £ ^o- Because the coefficients on the diagonal lie in Do, 



Xo 



t ^"i+d-i ''■o G Do- Because the determinant JJ 



p^-i 



= 4 U'=o't''-'°~ 



a unit, we have Wj = dj — do for all < j < p , as required. 



IS 

□ 



The condition Wj — dj — do for all < j < p^ can be restated as d^+y — d^. > 
dy — do for all < y < p^ and Q < x < p^ — y. In other words, d^^y + do > d^ + dy 
for all < x,y and < x + y < p'^. As this is symmetric in x,y we may assume 
y < X. Thus we are concerned with the condition 

(6) dx+y + do > dx + dy for all < y < x < x 4 

We have the p-adic expressions: x = X(^o) + X{i)P and y = 

add these expressions, we get x + y = C(o) + C(i)P + where < C(-j) < p — 1, 

2^(0) +y(o) = C(o) +pe(o), £(0) +2^(1) +y(i) = C(i) -l-pe(i) and the e(i) e {0, 1} depend 
upon whether there is a carry. Note e(i) — 0, since x + y < p^. Recall 62 = 
Replace 62 in ^ with 62 = &i + p^m, and get 
{1 + x' + y')bi+e^o}D 



y <p 

X(o) + X{i)p and y = y(o) + y(i)P- When we 

C(0) 



-p^m. 



(7) 



pz 



+ 


hi 


> 


(l + a;')foi 


+ 

















where a;' = a;(i)-|-px(o), y' = 2/(i)+P?/(o) and D = (62— p^^i), all over the same range 
of X, y. There are two cases to consider: e(o) = and e(o) = 1. We consider the case 
6(0) = 1 first. Using 62 = bi + p'^m, observe that ([3]) means m > hi ~ and 
thus by replacing m in 62 = &i +p^m with hi — , we find D > hi — p^ . 

It is enough therefore to show that ([7|) with e(o) = 1 holds when D is replaced by 
bi — p^ [bi/p"^} . In other words, it is enough to show that 



{2 + x' + y')bi 


> 


il + x')bi 


+ 


ii + y')bi 


p2 




p2 




p2 



But this follows from the generic fact: [(a + b)/c\ > [a/cj + [&/cJ for positive 
integers a, b, c. The case of ([7]) for those a;, y with e(o) = (so that +y{i) < p for 
both i = 0, 1) is equivalent to |BE| (6)], which, because of |Byo08[lBE] . is equivalent 
to r(6) I p2 - 1. 

3. Examples: p = 2 and 3 

In this section, we determine necessary conditions for a Galois scaffold to exist 
when p = 2,3. Assuming the case p = 3 to be representative of the general case, p 
odd, our results suggest that the conditions in Theorem 12. II are sharp. 

We treat p = 2 for the sake of completeness. Note that the condition on the 
residue of the ramification numbers in Theorem 11.11 holds vacuously. Consequently, 
every fully ramified C2 x C2-extension possesses a Galois scaffold |Eld091 Thm 5.1], 
and furthermore the ring of integers is free over its associated order in every fully 
ramified C2 x C2-extension |BE1 Cor 1.3]. This suggests that p = 2 is a special 
case. It also explains why we only consider C4-extensions here. 
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3.1. Outline. Recall that a Galois scaffold for an extension of degree requires 
two elements ^2, 5*1 G /^o[G] satisfying ([T|), ([2]). Here we outline a general proce- 
dure which, in principle, should enable us to obtain a necessary condition for the 
existence of a Galois scaffold for arbitrary p. In the remainder of this section, we 
implement this procedure. 

Adopt the notation of §2.1. So whether G = Cp x Cp or Cp2, we have Ki = 
Kq{xi) with vi{xi) ~ —hi. Our first step is then to identify an element X2 G K2 
such that V2{X2) = —62- Once this is done, we have 




<i,j <p 



satisfying V2{ai,j) = —ib2 — jpbi. So {v2{aij) : < z,j < p} is a complete set of 
residues modulo p^, and thus B — {aij : < i,j < p} is a basis for K2 over Kq. 
Notice that ap-i^p-i satisfies i;2(ap-i,p-i) = 62 modp^ 

A basis for iiToiG] is given by {{a2 — l)'(o'i — 1)^ ■ < i,j < p}. Our next step 
in each case is to express ((T2 — l)'(o'i — l)-'ap-i,p-i in terms of B. The fact for 
each < i < p both {a2 ~ l)*(o'i — l)°ap_i,p_i and {a2 — iy^^{ai — l)*ap-i,p-i 
are expressed as a single element of B motivates the use of binomial coefficients to 
create our basis B (rather than the more naive basis {^2^j : < i, j < p}). 

At this point, we are prepared to identify elements Qj G A'oiG] for < j < p 
such that U2(6jap-i,p-i) = ■i;2(ap-i,p-i) + jpbi- They exist because Q;p_i_p_i 
generates a normal basis |EldlO] . Because {v2{{cr2 — l)*6jQ;p_i^p_i) : < i,j < p} 
is a complete set of residues, K2 = ^o<i j<p-^o ■ {<^2 — l)*0jap-i,p-i- Therefore 
{((72 - l)*Oj : < i, j < p} is a basis for Kq[G\. 

If there is a Galois scaffold there must be ^2,^1 in the augmentation ideal 
(cr — 1 : cr G G) of iiro[G] satisfying ^ and ([2]). Because of ([2]), there exist 
^ hj < P such that i;2(^'2^'iap-i,p-i) = W2(ttp-i,p-i) +p6imodp'^. Thus 
V2{a'^l'^{ap-i^p-i) = U2(ap-i,p-i)+P^i for some a € Kq- Clearly a^'j^'j G (cr— 1 : 
a G G)'"*"^ . Lemma 3.1 below gives i + j = 1. Thus, without loss of generality, we 
assume i = and j = 1 and that f2(^iQ!p-i.p-i) ~ i'2(ap-i,p-i) + pbi- Note that 
the augmentation ideal (cr — 1 : cr G G) of iiro[G] is also its Jacobson radical and 
unique maximal ideal. Express 5'i — J2o<i jKp^i.ji^"^ ~ ^Y^j ^o^' some aij G Kq 
with ao,o ~ 0, and proceed to impose the first requirement of a Galois scaffold, 
namely ([1]). How? This depends upon p. 

Lemma 3.1. Given a G K2 with V2{a) = 62 modp^. If 9 lies in the augmentation 
ideal of Ko[G], (cr- 1 : cr e G), and V2{0a) — V2{a)+pbi, then Q <^ [a — \ : a ^ G)^. 

Proof. Let Tr^./^^. = (cr2 — 1)^'^^ denote the trace from Ki down to Kj. Using 
[Ser79[ V§3 Lemma 4], v\i^YK^i Kx'^) — + (p — 1)62)/^ = 62 = fei mod p. So 

V\{fy(J\ — l)*Tr^'./^^ci;) = (i + 1)61 mod p for < i < p. It is also the case that 
^'i(Trif2/ifi^a) = {v2[pL) -l-p6i + (p - l)62)/p = 62 + 61 = 26i mod p. In particular, 
i'i(Trif2/Xi6'a) < 00. Let B = J2o<i,j<p'^i,3i'^'L ~ 1)'('^2 - !)■' with e Kq. Since 
Q hes in the augmentation ideal of i^o[G], aoo = 0. If 6* e (cr — 1 : cr G G)^, 
then aio = as well. As a result, ^x^^jji^Qa — X]r=2^ ai,o(fi — l)'(cr2 — Xy^^a — 
Sf=2^ ^j,o(ci — l)''Tifc^^KiOi- If P = 2, the contradiction arises because we can not 
have both vi{TrK^/KiOa) < 00 and Tij^^/x-^Ba — 0. If p > 2, the contraction arises 
because for 2 < i < p, 2bi ^ (i + l)bi mod p. □ 
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3.2. C4-extensions. There are two conditions stated in Theorem 12.11 They are 
sufficient for a Galois scaffold. For p — 2, one of these conditions holds vacuously, 
which leaves 62 > 45i, namely ([3]), as the only interesting condition. Here we show 
that 62 > 46i — 1 is both necessary and sufficient for a Galois scaffold to exist in 
a fully ramified C4-extension. Assume notation of §2.1.2. So wo(/3i) = — &i < 
odd, and KijKi^ satisfies Ki — Kq{x2) with p{x2) — PiXi + + e where 
fj. € Kq, and because p = 2, e G k. Recall (cti — l)a;2 = xi with p{xi) = (3i. Let 
TO — — i;o(/i) and X2 = X2 — ^ixi G if 2. Then p{X2) = + p(/i))xi + e where 
+ p(m))2;i) = — max{36i,6i + 4m} = —62- Thus W2(-'f2) = — &2- The basis 
i3 is {ttij : < i,j < 1} = {1, X2, X2a;i}. 

Note that (ci — 1)^2 = xi — /i. So CTiX2a;i = (X2 + a;i — iJi){xi + 1) and 
thus (cTi — l)X2a;i = X2 + /ixi + /?i + Therefore for < i,j < 1 we have 
((72 — — l)^ai,i = oti-is-j + Cij-, where the error term tij is zero for (i, j) G 

{(0,0),(l,0),(l,l)},andeo4 = /xao,! + (A +Ai)ao,o- Use this to find 9 1 = (cricrl,''' - 
1) + /3i(o'i — l)(o"2 — 1), so that the effect of 9i, (0-2 — 1), (0-2 — l)0i on ai^i = X2Xi, 
aifi = X2, 0:0,1 = a^i is as follows: 



Now ai.i satisfies the valuation criterion for a normal basis generator, namely 
V2{cti,i) = b2 mod 4. Thus, if there is a Galois scaffold, then there is a ^"1 in the 
augmentation ideal of -ftro[G], which is expressible as 4'i = ao,iOi + 01,0(172 ^ 1) + 
ai,i(o'2 — 1)01 with Gij G Kq, such that V2{'i'ip) = V2{p) + 2bi for all p <E K2 
with V2{p) = ^2(0:1,1) mod 4. Since W2(0iai,i) — i'2(q:i,i) + 25i, ^2(00,1) = and 
V2{cii,j) + i&2 + 2j6i > 2bi for ^ (0, 1). Multiplying p by an element of Kq if 
necessary, we may assume, without loss of generality, that p — X2X1 + aX2 + bxi+c 
with a,b,c E Kq. So that V2{p) — ti2(ai,i), we require ^2(0) > — 26i, ^2(6) > —62 
and V2{c) > —62 — 26i. Note that '^ip ~ ao,iX2 + (ao,ia + ai,o)a;i + (ao,i6 + 
aifiU + ai,i). Using the bounds on V2{a), V2{b), V2{c) and the V2{aij), we find 
^'ip = ao,i{X2 + axi) mod ^2*^2, which means that for a Galois scaffold we require 
V2{axi) > V2iX2) for aU a e Kq with voia) > [-26i/4]. Thus [6i/2j < [(62 - 
26i)/4j, which since bi is odd is equivalent to 62 > 46i — 1. On the other hand, 
if 62 > 46i — 1 a Galois scaffold exists. This follows from the observation that for 
p* G K2 with V2{p*) odd, we have ti2((o'2 — ~ V2{p*) + 62- 

3.3. Cg-extensions. We prove that for Cg-extensions the conditions in Theorem 
12.11 are sharp. Assume p = 3 in §2.1.2. So Wo(/3i) = —b\ < with p \ bi. Either 
vo{f32) < with p I wo(/32) or j32 G n. In any case, there are /ii, ^2 G i^o (either 
or both of which may be 0) and k G k such that /?2 = p^lPi + ^J■2{^2) + ^- ■'^^^ 
= — t'o(Aii) for z = 1, 2. If /32 7^ 0, Uo(/32) = — max{3TO,i + 61, 3to2 + 26i, 0}. Our 
Cg-extension K2/K0 satisfies K2 — Kq{x2) with p{x2) = —fiix\ — /3f xi + + 
mIC^O+^i and (cri-l).-E2 = -x\~xi with p(a;i) = Let ^2 = .T2-Mia;i-At2('^20- 
Then p(X2) = —fhx\ — /3fxi — p{pi)xi — p{p2){^2) ~ ^2/^1^1 + ^- Notice that 
vx[p(X2)) = -62 and (cti - 1)^2 = -x\ - xi - pi - P2X1. Thus V2{X2) = -fo2- 
We have our basis B = {atj : < i, j < 2} using ([8]). 

Verify, using a software package like Maple, that for < i,j < 2 we have 
((72 — l)*(o'i — l)''a2,2 = Q;2-i,2-j + where the error term e^j is zero for G 



X2X1 X2 Xl 



(9) 



Oi 

{02 - 1) 
(a2 - 1)61 



^2 a;i 1 
Xl 1 
1 
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{(0, 0), (1, 0), (2, 0).(2, 1), (2, 2)}. Otherwise 

eo,i = (1 - Ml - M2)(ai,2 + Q:i,i) +/3iai,i + (/i2 - 1)/3iQ;i,o 
+(AtiM2 + Ml - Ml + M2 - M2)(<^o,2 + ao,i) + (J-2piao,2 
- Mi)/5iQ!o,i + ((Mi - M2 - M1M2 + Mi)/3i + /3i)Q!o,o 
ei,i = (1 -Ml -M2)(Q!o,2 + Q!o,i) +/3iao,i + (M2 - l)/3iQ!o,o 

eo,2 = (M2 - l)(ai,2 -Q!i,o) +Mi(ai,i +ai,o) 

+ (M2 - M2 + Ml - (1 + M2)/3i)Q!0,2 

+(-MiM2 - Ml + (1 + M2 - M2 + Mi)/3i)Q!o,i 

+(M2 - M2 - Ml - Ml - M1M2 + (miM2 - Ml - M2 - M2 - l)/5i - l3l)ao,o 

£1,2 = (M2 - 1)(q;o,2 - "0,0) + Mi("o,i + Q!o,o) 

Now observe that because 62 = max{76i,6i + 9mi,46i + 9m2}, we have V2{fii) > 
bi — 62 and t;2(M2) > 46i — 62- So using the expressions for (c72 — l)'(o'i — 1)-'Q!2,2 
and Gaussian EHmination, we find that 

61 = (ai4^^1-l)-„fli(a2-l)(tTi-l)-M2/3i(a2-l)(ai-l)2 

- Mi)„Si(a2 - 1)' + [(M1M2 - Ml - M2)/3i + Pi] {CT2 - lf{ai - 1) 
+ [miM2/3i + (1 + M2)/9i] (^2 - l)'(ai - 1)', 

62 = (aia'""' -l)'-M2(fT2-l) + (l + M2)/Si(fT2-l)' 

+ (M2 - M2)/3i(t2 - - 1) + [(m2 + M2)/3i +/3?](^2 - l)'(ai - 1)2, 

give 6jQ;2,2 = ci2,2-j niod a2,2-i^2- Let 60 = 1- 

If there is a Galois scaffold then there is a 5'i in the augmentation ideal of -K'o[G], 
which is expressible as = Ylo<i j<2 '^iji'^'^ ~ fo'" some Uij G Kq, such that 

V2(*iQ:2,2) = ^'2(0:2,2) + 36i and i;2(4'iQ:2,2) = V2(a2,2) + 661. Note that ao,o = 0, 
since is in the augmentation ideal. Since ^2(^10:2, 2) = i'2(Q!2,2) + 36i, we have 
^"2(00,1) = and W2(ai,j) + i&2 + 3j6i > 3fei for {i.j) ^ (0, 1). 

To determine i'2(*iCK2,2)) we expand "iff in terms of the i^o-basis {{a2 — l)*0j : 
< «,i < 2} for Ko[Gf]. This requires the following identities, which can be verified 
with a software package hke Maple (establish polynomial identities where x = iti — 1 , 

= (72 — 1, and x'^ = 0): 

el = e2 + /3i((T2-i)e2-(M2/3i + /3?)(a2-i)'e2 

+/3i(M2 +M2)(a2 - 1)'01 + (M2 - 1)^1(^2 - 1)' +M2(<T2 " 1), 
6162 = ((72 -1)-M2(C^2- 1)61 +/3i(c72- 1)^61 -/3i(M2+Mi)(^2-l)'e2 
-/3l(<T2-l)^ 

= ((72 - 1)61 + pi{a2 - ifOi + M2(ct2 - 1)62 - Pi{a2 - If 02 
-Mi(a2 - 1)^ 

In the expansion of in terms of {((T2 — l)*0j '■ < i,j < 2}, we find the 
coefiicient of ((72 — 1) to be 2ao,iao,2 + ao,iM2j while the coefficient of ((72 — 1)62 is 
2ao,ifli,i+2(ii,oflo,2+ao,2M2+ao,i/5i- When we apply Vl/f to a2,2j it must be that both 
W2((2ao,iao,2+ao,iM2)(o'2-l)Q;2,2) > W2(B2Q;2,2) = W2(a2,2)+66i and W2((2ao,iai,i + 
2ai,oao,2 + ao,2M2 + «o,i''^i)(^2 — 1)©2Q;2,2) > V2{oi2,2) + 65i. We may discard those 
terms of valuation greater than U2(a2,2) + 66i, using V2{ao,i) = and V2{aij)+ib2 + 
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3jbi > 3&1 for (i, j) ^ (0, 1). This means that we can drop —004014 — 01^000,2 from 
the coefficient for (ct2 — f )62a2,2, leaving (oq 2A*2+ao4;5i)(a'2 — f )62a2,2- If "2(^2) < 
661 — 62, then because W2 (004/^2 (o'2 — 1)02.2) < U2 (0:2,2) + 661 we must haveT;o(/X2) = 
^^0(00, 2)- 11^*2 < 96i, then because U2(ag j/?i((T2 — 1)0202,2) < W2 (02,2) +661 we must 
have 2uo(ao,2) + wo(/i2) = voWi)- So if f2(M2) < 661 — 62 and 62 < 96i, then we must 
have 3^0(^2) — vaiPi) — —bi. But 3 | hi. This means that we have i'2(A*2) > 661 — 62 
or 62 > 96i, and there are two cases to consider. Suppose that V2{fJ-2) > 661 — 62. 
Then because we must have 1)2 ((oq 2/^2 + ^0 i/3i)(o'2 — 1)6202.2) > ti2 (02,2) + 661, we 
must have f2((ao iPi){'^2 ~ 1)6202,2) > ^2(02. 2) + 661, or 62 > 96i. Suppose that 
62 > 96i. Then because we must have W2((aQ ]^/^2 — ao,iOo,2)(f2 — 1)02,2) > ^2(02, 2) + 
661, we must have W2(ao,iM2(f2 - 1)02,2) > "^2 (02,2 ) + 661, or ^2(^2) > 661 -62. As 
a result, we have shown that in order for a Galois scaffold to exist, both 62 > 96i 
and f2(M2) > 661 — 62 must hold. The first condition agrees with The second 
condition agrees with ([4]). 

3.4. C3 X Cs-extensions. We prove that for C3 x Cs-extensions the conditions in 
Theorem 12. f I are sharp. Assume p = 3 in §2.1.1. So vo{(32) < vo{/3i) = —hi < 
with p ] 6i,Do(/32)- We follow §3.3 closely, except that the technical issues here 
are easier, since expressions here are often truncations of the expressions in §3.3: 
Again, there are elements /xi,/X2 € Kq with t'o(Mi) = —''ni and ak £ k such that 
P2 = Mi/^i + +k. Since wo(/?2) < 0, vo{/32) = - max{3TOi + 61, 3m2 + 26i}. 

Let p{xi) = /3i, and let {(Ji — l)xj = 6ij be the Kronecker delta function. Let 
A:2 = X2 - fiixi - ^2(^2)- Then p(A:2) = -p(/ii)a;i - p(Ai2)(^2) " f^lPi^i + k- So 
vi{p(X2)) ~ —62 and (tJi — 1)A'2 = — /ii — 1^.2X1- A basis for K2/K0 is given by 
B = {a,,, : < i, J < 2} where a,,, = (^^) (7). 

Verify, using a software package as in §3.3, that for < i, j < 2 we have (0-2 — 
l)*(cri — l)-'a2.2 = 02-i,2-j + where the error term ei,j is zero for G 
{(0, 0), (1, 0), (2, 0).(2, 1),'(2, 2)}. Otherwise 

eo,l = -(mi + M2)(oi,2 + 01,1) + ^2/?lOl,0 

+ ipim - Ail - - m - A*2)(00,2 + 00,1) + /i2/3lOo,l 

+ ip2 - M1M2 + ^il)|3lao,o, 
ei,i = -(a^i + Ai2)(oo,2 + oo,i) + Ai2/?iOo,o, 
eo,2 = M2(oi,2 - 01,0) + A*i(oi,i + 01,0) + (m2 + Ai2 + Mi)oo,2 

+ - M1M2 - ^2/^1)00,1 

+ ipi - A^i - /^2 - Ai2 - MiAi2 + (miM2 - M2)/3i)oo,o, 
ei,2 = M2(oo,2 - oo,o) + Mi(oo,i + oo,o)- 

Use this and the fact that because 62 = max{6i + 9mi, 46i + 9m2}, we have ^2(^1) > 
61 — 62 and V2ip2) > 46i — 62 to find that 0jO2,2 = 02,2-j mod 02,2-^*^2 for 

61 = {aia'f'^ - 1) + tilf3i{a2 - if - li2Pi{^2 - - I? 

+ (AiiM2 - ^^l)Pl{(y2 - if{(Ji - 1) + {pl^^2 - a'2)/3i(ct2 - 1)^(^1 - if, 
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62 - (f7i<^' - 1)2 - ^2(<T2 - 1) - fl2{<J2 - if + iAPi{^2 - lf{(Tl - 1) 

+ M^/3i(a2-l)2(ai-l)2. 
Let 00 = 1- Using a software package as in §3.3, we establish: 

6162 = -^l2{<y2-l)Ql~^^2{<y2-lfQl~^Afh{<y2-lfQ2 

©2 = -/i2(0-2- 1)^+^2(^2 -1)62+^2(^^2 -1)^02 

If there is a Galois scaffold then there is a ^'i = X]o<i j<2 ^i,j{'^2 — l)'0j in the 
augmentation ideal of -ftToiG] with a^j € Kq and 09,0 = 0, such that f2(^'ia2,2) — 
f2(a2, 2)4-361 and thus 1^2(00,1) = and for (z, j) ^ (0, 1), W2(aij) + i62 + 3j6i > 35i. 
Furthermore ^2(^102, 2) — t'2(a2,2) + 661. Expand in terms of {((72 — ^Y^j ■ 
< «,J < 2}. The coefficient of ((T2 — 1) is aQj^2- When we apply ^'f to Q!2,2, 
we must have W2(ao,iM2(o'2 - 1)02,2) > "2(0202,2) = ^^2(02, 2) + 661. This implies 
'^2(/^2) > 661 — 62 and thus (|4|). 
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